This paper proposes a systematic modeling approach of rotor-driving dynamics for small unmanned aerial vehicles (UAVs) based on system identification and first principle-based methods. Both steady state response analyses and frequency-domain identifications are conducted for the rotor, and Comprehensive Identification from Frequency Responses (CIFER) software is mainly utilized for the frequency-domain analysis. Moreover, a novel semi-empirical model integrating the rotor and the electrical speed controller is presented and validated. The demonstrated results and model are promising in UAV dynamics and control applications.
Introduction
Serving as a key component for common small unmanned aerial vehicles (UAVs), the rotor-driving dynamics which explains the dynamics of motor, electronic speed controller (ESC) and propeller (MEP) subsystem plays a crucial role in understanding the flight dynamics.
The challenges include the complex propeller aerodynamics and hardware response, which result in the impossibility to obtain a high fidelity model that can be integrated in the flight control. In most works in the literature, the rotor-driving dynamics is usually simplified by utilizing low frequency response information only, such as static thrust and torque. To further improve the flight maneuverability, the dynamics of the MEP subsystem has to be investigated.
System identification is one approach to determine the mathematical model for a system through experimentation. It is a commonly used tool to extract the information of system response around a certain trim condition, such as the steady state and frequency-domain response. There are prior examples of system identification for rotor subsystem modeling. For example, the work of Ahmad et al. in [1] applies identification techniques to estimate a linear timeinvariant (LTI) model for a twin rotor MIMO system, and the dynamics of a model-scale helicopter is successfully identified in the work of Mettler et al. in [2] . In this work, we design and implement our setup to model the rotordriving dynamics as LTI Single Input Single Output (SISO) systems. The choice of stimulus signals is a significant factor in the rotor test, and some basis criteria for the design of stimulus signals are introduced in [3] by Ljung. For identification, the work of Chen et al. on system identification has demonstrated some commonly used techniques in the time-domain and frequency domain in [4] , and these techniques are utilized to model the micro and voice-coil-motor (VCM) actuators in the hard disk drive (HDD) servo systems. However, the limitation of system identification is that, since we are viewing the rotor subsystem as a black box, no insight can be gained explicitly for rotor subsystem which is treated as a black box.
Another modeling approach is the first principle modeling [4] , which relies on a deep understanding of underlying physics. There has been much research in the field of modeling of brushless direct current (BLDC) motor. For example, a BLDC motor can be modeled as an electrical subsystem and a mechanical subsystem for fault detection in [5] . A sensorless control of a BLDC motor is achieved based on voltage and current models in Matsui's work [6] . A more general model using phase variable approach with simplified back EMFs is presented in Pillay's works [7, 8] . However, these methods are still overcomplicated in practice due to many unknown parameters. For the propeller, the blade element theory is the foundation of propeller aerodynamics analysis and it is a relatively simple method to predict the propeller performance in [9, 10] .
The modeling of the MEP subsystem is a commonly overlooked challenge in the literature to our best knowledge. Thus, we propose a simplified semi-empirical model integrating BLDC, ESC and propeller models, in order to approximate the rotor-driving dynamics in an effective manner. This method is advantageous in keeping the flexibility of parameters determined through experimental data. This paper is organized as follows: Section 2 illustrates our methodology for system identification and first principle modeling. Section 3 presents the experiment setup and work flow. Section 4 illustrates the system identification method for rotor response, including both steady state analyses and frequency domain analyses. Responses of thrust force, torque and propeller angular speed are recorded and investigated. Section 5 presents a novel semiempirical method integrating BLDC motor, propeller and ESC. Conclusions are summarized in Sec. 6.
Methodology Overview

System identification
The work flow of system identification [3] is shown in Fig. 1 .
The accuracy of this method depends heavily on the experiment setup and data processing techniques. In our rotor test experiment, the rotor and all sensors are fixed on a rigid metal rack. Since the output bandwidths are unknown, the sampling rate of each sensor is set to its maximum rate. Particular effort is made to synchronize sensor signals. In data preprocess step, techniques like resampling and trimming are used to improve the data quality.
The rest of steps are embedded in CIFER, which is a software developed by U.S. Army and NASA. CIFER is specially designed for rotorcraft applications and has been widely used for fixed-wing, rotary wing and unconventional aircraft applications [11, 12] . Based on the imported time domain data, CIFER identifies frequency response by applying fast Fourier transform and associated windowing techniques. Since we are interested in SISO systems, nonparametric models including Bode plot and parametric models including transfer function model can be fully characterized by frequency-response results. For the choice of model structure, previous research by Cai utilizes the system identification to model the yaw-channel dynamics of a helicopter, and control-system is successfully designed based on the identified linear model [13] . Hence, in our work, the low order transfer function model is used to construct our parametric model. The parameters in the parametric model are determined numerically by fitting the frequency-response data in a least-square sense [11] . For the model validation, the coherence function is used to measure the identification accuracy. It can be obtained from measurement:
where coherence is xy , and G xy , G xx , G yy is the cross spectrum, input and output auto-spectrum, respectively. Coherence can indicate whether the model obtained is well characterized as a linear process in the interested frequency range.
First principle modeling
In our work, we attempt to apply this technique to model the MEP subsystem of a small UAV. Different from previous system identification approach, the black-box of MEP subsystem is opened and divided into three parts namely BLDC, propeller and ESC.
. BLDC model For BLDC, Fig. 2 gives a general three-phase structure of BLDC model [8, 14] , it can be described as a differential equation: 
is the stator self-inductance and M is the mutual inductance between two stators. In order to further simplify this model, we assume that the inductance terms is negligible for low inductance BLDCs. Back EMFs can be estimated by a linear function of the angular speed of rotor [15] . Therefore, Eq. (2) can be simplified to:
where v, R, i are voltage, resistance and current of each stator, ! is angular speed and K e is the back EMF constant. The motor angular acceleration can be described by:
where T m is motor torque and T d is motor load. In our case, motor load is equivalent to the magnitude of torque produced by propeller. For a small motor with low inductance, T m in Eq. (4) can be estimated by a first-order equation [15] ; hence Eq. (4) can be rewritten as:
where J r is the rotor moment of inertia, K m is a torque constant, R is resistance in Eq. (3) and v is the voltage input and T d is the motor load. The magnitude of T d is equal to the magnitude of T total in the propeller model. Our previous group work [16] further simplified this model into:
where K s , K e are also motor electrical parameters.
. Propeller The Blade element theory used in our work is a simple method to predict the propeller performance, wherein a propeller blade can be discretized to a number of sections. For each section, the local flow schematic in Fig. 3 , where is the installation pitch angle and is the local angle of attack (AOA).
The air velocity is decomposed into U T and U P which are tangent and perpendicular to the disk plane. Lift and drag forces are produced by the air flow at the blade section. Thrust and torque are obtained by resolving the aerodynamic forces normal and parallel to the disk plane. This theory [17] suggests that the lift and drag forces are:
where L is lift, D is drag force, U is the magnitude of air velocity, is air density, c is local chord length and c l , c d are lift and drag coefficients. The elemental thrust and torque of a blade element can be written as:
where F is local thrust, T is local torque, r is propeller radius, is the induced angle from axis flow as shown in Fig. 3 . It is clear that c, , c l , c d and r are all constants for a specific propeller; and U is proportional to the angular speed. The total thrust and torque of the propeller are obtained by integrating the elemental thrust and torque from Eq. (8) along the entire blade and over one rotor revolution and can be expressed as:
where K f and K t are constants for a specific propeller. Therefore, total thrust and torque of a propeller can be estimated simply from angular speed in our propeller model. . ESC Most commercial ESCs are implemented with six-step commutation technique, which controls the switching sequence of the three phases winding as shown in Table 1 . The magnetic field generated by the winding keeps changing 60 at each commutation step and a constant rotating direction is achieved [18] .
Since most ESCs adopt PI control in their firmware to switch MOSFETs to control BLDC motor as shown in Fig. 4 , and previous group research [16] and literature [6] suggested a ESC model:
where ! d is a desired angular speed, ! is the actual angular speed, throttle is a normalized throttle between 0 and 1, K a , K b and K c are polynomial coefficients identified in Eq. (11) for relationship between throttle and !, u eq is the equivalent voltage directly input to BLDC, and K p , K i are PI control gains. With above BLDC, propeller and ESC model elements, we are able to obtain an integrated semi-empirical model to describe the dynamics of the MEP subsystem.
Experiment Setup
The experiment aims to capture the dynamics of MEP subsystem under the desired condition. The experiment setup is shown in schematics in Figs. 5 and 6, with Step Phase a Phase b Phase c equipments and software programs listed in Tables 2 and 3 , respectively. The input of the MEP subsystem is the normalized throttle from 0.0 to 1.0, and it is generated by Pixhawk at a fixed data rate of 150 Hz. Loadcell can record the force and torque in six degree of freedom with fixed logging rate at 1000 Hz. The Angular speed in RPM can be measured by Eagletree and Photogate devices. Eagletree has a low recording rate of 10 Hz and Photogate can record each revolution of our rotor. The whole setup is powered by a LiPo battery.
The experiment workflow is shown in Fig. 7 . The first step includes preparing software programs, charging LiPo batteries and assembling hardware. Then, rotor tests are repeated until all stimulus signals are tested and corresponding data are properly collected. Data preprocessing is accomplished under Matlab environment, this procedure includes synchronizing data, resampling data and trimming data. Finally, database are generated for system identification and first principle modeling.
Steady State and Frequency Analysis
Both steady state analysis and frequency-domain identification methods are utilized for rotor dynamics based on our experiment setup. The steady state response can help identify step-response features for interested states, while frequency response can extract richer dynamics information around a trim condition. In this section, main results of these two methods will be presented, and we are mainly concerned with the propeller thrust, torque and angular speed.
Steady state analysis
Stimulus signal
The stimulus signal for steady state analysis is shown in lower part of Fig. 8 , including 10 step inputs increased from 0.1 to 1.0. The total duration is 50 sec.
Angular speed channel
With the steady-state angular speed collected in Table 4 and Fig. 8 , an obvious quadratic relationship can be revealed between steady angular speed and throttle input as shown below:
where ! is angular speed in rad/s and u is normalized throttle.
Frequency domain analysis
Stimulus signal
The stimulus signal for the frequency domain analysis is selected to be a sinusoidal wave sweeping from 0.05 Hz to 20 Hz at an equilibrium point with throttle input that equals 0.6. In order to eliminate the effect from battery voltage 
Thrust channel
The responses of thrust channel in Experiments 1-3 are shown in Figs. 10-12 . The bode plot in frequency domain is obtained in Fig. 13 in CIFER. Note that the first 10 sec warm-up section and mean value are removed by CIFER during data preprocessing because the response near equilibrium is our interest. From Fig. 13 , the subsystem in thrust channel has a decreasing gain with frequency. The plot of coherence in Fig. 13 indicates the accuracy of frequency estimation. For rotorcraft, a recommended threshold coherence value is 0.6 according to [19] . Therefore, Fig. 13 implies that the estimation is credible within the range of frequency up to 30 rad/s. Phase plot suggests that system have a À135 phase at 30 rad/s. Hence, the system can be approximated by a second order system within confidence domain. Then parameter identification is applied and identified result is 8859 ðs þ 9:35Þðs þ 61:52Þ ;
of which DC gain is 23.75 dB, and the bandwidth is 9.12 rad/s.
Torque channel and angular speed channel
Similar to the thrust channel, the analysis is conducted for torque channel and angular speed channel. The frequency response of torque channel is shown in Fig. 14 channel can be caused by the high frequency lateral resonance mode in the testbed. In contrast, the vertical direction of the testbed is well constrained by the ground and gravity, hence little resonance is excited. The frequency response of the angular speed channel is shown in Fig. 15 and identified transfer function is 225961 ðs þ 9:39Þðs þ 45:34Þ
; ð14Þ
of which DC gain is 54.48 dB, and bandwidth is 9.01 rad/s.
Semi-Empirical Modeling
In previous section, the MEP subsystem is considered as a black-box. The result of identification cannot describe what is happening inside the black-box. In this section, the model of MEP subsystem will be divided into three parts named ESC model, BLDC model and propeller model. Figure 16 shows the block diagram of the the semi-empirical MEP model.
Propeller model
The propeller model describes the response from the angular speed to the thrust and the torque. Based on Eq. (7), constant bias terms are added below:
where F is thrust force, T is torque, and ! is angular speed in rad/s. K f , K t , F offset and T offset are unknown coefficients to be identified. This model is estimated via polynomial fitting based on experimental data, and the result is
ESC model and BLDC model
As only the throttle input and the angular speed ! are measurable, a nonlinear model for ESC and BLDC subsystem is derived as below from Eq. (6) and Eq. (10) with an augmented state x a :
where x a : is an augmented state accounting for the control error, ! d is the desired angular speed and it can be estimated with the steady angular speed in Eq. (11), K s , K m , K e , K p , K i , R and J r are positive parameters to be identified. This function explains the relation between input throttle and ! d has been estimated in Eq. (11).
Estimation of parameter range
. Effective motor resistance R is the effective Motor Resistance. It can be found in motor datasheet.
. Rotor inertia J r is the moment of inertia of rotor. This parameter can be estimated by considering them as a thin rod rotating above its middle point.
. Equivalent drag coefficient K r ! 2 represents the reaction torque from the propeller. Therefore, K r is equivalent to the drag coefficient K f obtained in Sec. 5.1.
. Motor torque constant The motor torque constant K m can be calculated by applying the following formula:
where K v is the motor velocity constant given in motor data sheet.
. Back EMF constant The Back EMF constant K e . According to [20] , in the three phase BLDC motors the relationship is approximately equal to
. Static friction torque constant K s is the static friction torque constant and it can be measured by a torque meter. Since this constant usually has much less effect to torque when compared with back EMF and reaction torque of propeller, it is assumed that the friction term have 2 order of magnitude smaller than K r ! 2 and
K p is the proportional gain of the control law, and it can be estimated by using the instantaneous angular acceleration while the rotor is changing from one trim condition to another. The formula used to estimate K p is
where ! : is the angular acceleration and e ! is the difference angular speed between two trim conditions.
. Integral Gain K i represents the integral gain of the control law and it can be estimated by observing the transition from one trim condition to another. Equations (6) and (10) can be applied to both trim conditions, thus the following equations can be obtained:
! 2 are the steady-state angular speed for two trim conditions respectively, and both values are measurable. The difference between R ðe !1 dtÞ and R ðe !2 dtÞ can be obtained by integrating e ! over transition interval between two consecutive trim conditions. Therefore, K i can be estimated by subtracting Eq. (22) from Eq. (21).
Based on estimated initial values, parameter ranges are defined as shown in Table 5 . For parameters calculated from datasheet, range is set as AE10% around initial values. For parameters calculated from experiment data, range is set as AE50% around initial values.
Result and comparison
The parameter identification is achieved by Matlab function \nlgreyest", which estimates the unknown nonlinear greybox model parameters based on the measured data. The function employs minimization schemes with embedded line searching methods for parameter estimation. The results are shown in Table 6 .
Figures 17 and 18 show a comparison in the angular speed channel between identified semi-empirical model and experimental data. The same data set is used for comparison since our early experiments show that data sets collected from multiple rotor tests are very consistent. We can observe that the model result matches the experiment data very well after the first five seconds since the initial value of integral gain K i is estimated based on data of the transition interval between our interested trim condition and its consecutive trim conditions. Another factor is that, since most of the training data points are collected from the interested trim condition, this model is more effective for that trim condition.
In order to validate the model fidelity, Normalized Root Mean Square Error (NRMSE) is used as the fitness value in Matlab, as defined by
where p is the validation data collected during experiment and p is the output generated by the model. A total of 75.72% fitness shows that our model prediction fits well with the experimental data.
Another model validation standard is the Theil inequality coefficient [21] (TIC), which is defined by
where n is the total sample amount, p is the validation data collected during experiment and p is the output generated by ESC and BLDC model. TIC is a normalized value between [0, 1], and zero indicates a perfect matching. In practice, the threshold of TIC is commonly set at 0.25 according to [22] . As for TIC-based validation, results for Experiments 1 and 2 are 0.020 and 0.025, respectively. Both TIC values are much lower than the threshold value 0.25. Therefore, results indicate that identified ESC and BLDC model has sufficient accuracy.
After being linearized at the interested trim condition, the ESC and BLDC model is combined with propeller models, then compared with transfer function obtained through identification approach in Sec. 4. Input is throttle and output is thrust force. Bode plots for comparison are shown in Fig. 19 .
The order of the system identified by CIFER is selected as second order for simplicity and the estimated bode plot shows that the second order model is able to achieve satisfactory accuracy for our application. The DC gain and bandwidth of CIFER identified system are 23.7 dB and 9.12 rad/s, respectively. The linerized semi-empirical MEP model aims to capture the low-order components (up to second-order) of rotor-driving dynamics at the interested trim condition. Its DC gain and bandwidth are 21.8 dB and 4.95 rad/s, respectively.
The comparison shows that our semi-empirical MEP model can fit well with the CIFER identified model in the low frequency domain up to 10 rad/s, and the accuracy implies that our model is capable of predicting rotor-driving dynamics and can be integrated in real-time UAV dynamics and control applications.
Conclusions
To conclude, this paper presents a systematic modeling approach for rotor-driving dynamics including BLDC motor, ESC and propeller. Both steady state and frequency analyses are conducted with sophisticated experiment setup. Transfer function models are estimated and proven to be reliable for up to 30 rad/s. A novel semi-empirical model is presented and validated by experimental data. The model is proven to fit well with frequency response results up to 10 rad/s and is promising in real-time implementation for UAV dynamics and control.
